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Most of co-occurrence networks only record co-occurrence relationships between two entities,
and ignore the weights of co-occurrence cliques whose size is bigger than two. However, this
ignored information may help us to gain insight into the co-occurrence phenomena of systems.
In this paper, we analyze co-occurrence networks with clique occurrence information (CNCI)
thoroughly. First, we describe the components of CNCIs and discuss the generation of clique
occurrence information. And then, to illustrate the importance and usefulness of clique occurrence information, several metrics, i.e. single occurrence rate, average size of maximal co-occurrence cliques and four types of co-occurrence coe±cients etc., are given. Moreover, some
applications, such as combining co-occurrence frequency with structure-oriented centrality
measures, are also discussed.
Keywords: Co-occurrence networks; co-occurrence coe±cient; metrics and applications.
PACS Nos.: 89.75.Fb, 89.20.Ff.

1. Introduction
Co-occurrence networks have been recognized very important for discovering previously unrevealed insights.1–3 They have been widely studied in various domains,
such as linguistic units analysis,1 gene associations,2 oriental medicine,3 co-authorship analysis,4,5 promotion-group design and so on. Especially in the incoming big
data era, since it is usually hard to ¯nd cause-and-e®ect relationships between
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entities, discovering interesting co-occurrence relationships from big data becomes a
shining and valuable replaceable option.6 For example, Toivonen et al.7 studied the
similarity network of Finnish emotion concepts, and identi¯ed meaningful clusters
and speci¯c local network structures from the network. Yang et al.3 reported a kind
of symptom-herbal material bipartite network for oriental medicine analysis.
However, in the process of modeling and analysis, most of co-occurrence networks1–5,7 currently only record co-occurrence relationships between two entities,
and two other important types of clique co-occurrence information have not been
paid enough attention yet: (i) the weights about co-occurrence of cliques whose size is
bigger than two and (ii) the information about maximal co-occurrence cliques. These
ignored data may help us to understand the co-occurrence phenomena of systems
better. For example, when constructing a coauthorship network, two scientists are
connected if they have coauthored one or more papers together.4,5 Although edge
weights can be directly the number of times that a partnership has been repeated for
the corresponding two scientists,8,9 the information of coauthorship of three or more
scientists, sole authorship and maximal cliques of coauthorship are still missing in
such cases.
Since co-occurrence networks are often derived from bipartite networks,10 this
clique-co-occurrence information missing problem also occurs in the process of bipartite network projection.10,11 Figures 1(a) and 1(b) show an example of bipartite
graph and its one-mode projection in entity set. We can ¯nd that the information of
co-occurrence of cliques whose sizes are not less than three (such as clique
fy1 ; y2 ; y3 g), and single occurrences (such as fy6 g) are discarded after one-mode
projection. Maximal co-occurrence cliques (e.g. fy1 ; y3 ; y4 ; y5 g) with repeat times
are not distinguishable after projection. The discarded or undistinguishable information provides clues for group occurrences and will be very informative in various
co-occurrence applications.
Motivated by this concern, in this paper, we highlight co-occurrence networks
accompanied by clique occurrence information, a technique which allow us to analyse
co-occurrence relationships informatively and easily for familiar co-occurrence
unipartite networks. Several metrics and applications are illustrated to show the
usefulness of clique co-occurrence information.
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Fig. 1. Illustration of a bipartite network (a) and its one-mode projection in entity set (b). Edge weights
are set as the number of co-occurrence in co-occurrence event set.
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2. Co-occurrence Networks with Clique Occurrence Information
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2.1. Description and generation of CNCIs
A co-occurrence networks with clique occurrence information (CNCI) includes three
correlated parts: a unipartite graph G, a set of co-occurrence cliques (whose sizes are
no more than 3) with weights (i.e. B) and a table containing all maximal co-occurrence cliques with weights (i.e. C). Here, only cliques whose sizes are no more than 3
are listed in B. This is because the dataset containing all cliques is normally gigantic
even for a not very big network. For instance, suppose n entities occur together in a
same event, a fully connected network with n vertices can be established. Then the
total number of cliques reaches 2n  1, and it will increase exponentially with the
increase of n. So, it is commonly infeasible to list all cliques with their weights in B
for a large network. Instead, considering extensive use of co-occurrence information
about cliques whose sizes are 1, 2 and 3, we only provide these cliques with their
occurrence weights in B.a An illustration of CNCI is given in Fig. 2.
The generation of B and C is straightforward. G can be drawn using a modi¯ed
one-mode projection method, which is the same to the standard one-mode projection10,11 except that self-loops are drawn and weights of cliques (or maximal cliques)
are assigned.b
2.2. Data
For numerical analysis, four representative co-occurrence networks accompanied by
clique occurrence information are studied using data drawn from three disparate
¯elds: (I) Actor-Top1K 

 An actor collaboration CNCI whose vertices are top 1000
among frequent vertices of actor dataset. The actor data is downloaded from the

Fig. 2. An illustration of the CNCI generated from a bipartite graph in Fig. 1(a). Clique weights are set as
the numbers of co-occurrence in co-occurrence event set. clq means clique, and wB and wC represents the
corresponding weight, respectively.

a Other cliques with their occurrence weights still can be computed with demands.
b These weights are not shown in the unipartite graph of Fig. 2 for clarity. But they can be displayed using

a proper visualization method in an interactive software.
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Table 1. The basic topological features and research results of ¯ve
example networks. N is the number of co-occurrence events. V and L
are the number of vertices and edges, respectively. M1 , M2 and M3
are the number of co-occurrence cliques whose sizes are 1, 2 and 3,
respectively. Here, M1 is exactly V and M2 is equal to L. The number
of cliques in B is the sum of M1 , M2 and M3 . MC is the total number
of maximal co-occurrence cliques in C. R is the average rate of single
occurrence. S and Sw are the average size and the weighted average
size of maximal co-occurrence cliques, respectively. CC is the clustering coe±cient. CC1, CC2, CC3 and CC4 are type I, type II, type III
and type IV co-occurrence coe±cients, respectively.

N
V ðM1 Þ
LðM2 Þ
M3
MC
R
S
Sw
CC
CC1
CC2
CC3
CC4

Actor-Top1K

HEP-PH-9

HEP-TH-2K

BMS-POS

46 464
1 000
132 662
1 102 101
24 167
0.165
4.51
2.91
0.614
0.109
0.075
0.067
0.040

3 240
14 600
531 031
14 639 955
3 216
0.009
13.20
13.11
0.457
0.941
0.937
0.430
0.423

2 983
9 689
481 701
13 199 742
2 965
0.010
17.08
16.99
0.300
0.790
0.769
0.237
0.222

515 597
1 657
379 387
22 005 568
320 285
0.011
9.30
6.53
0.644
0.348
0.147
0.224
0.074

website of Barab
asi Lab (www.barabasilab.com). (II) HEP-PH-9 

 A HEP-PH
(high energy physics phenomenology) co-citation CNCI drawn from the dataset of
\hep-ph part 9," which is one part of the dataset of HEP-PH papers in the e-print
arXiv running from 1993 to 2003. The data was originally released by KDD Cup 2003
(www.sigkdd.org). (III) HEP-TH-2K 

 A HEP-TH (high energy physics theory)
co-citation CNCI drawn from hep-th 2000 dataset, which is all papers in the HEPTH portion of the e-print arXiv in the year 2000. The data was also downloaded from
the website of KDD cup 2003. (IV) BMS-POS 

 A product co-purchasing CNCI
containing 1 657 products. The data is available at the website of KDD Cup 2000
(www.sigkdd.org).
In Table 1, we give a summary of some of the basic topological features and
experiment results for the networks studied here. The theories for these new metrics
are discussed in detail in Sec. 3.
3. Some Metrics Based on Clique Occurrence Information
Currently, most of metrics for evaluating topology properties of complex networks
focus on statistical quantities between two vertices, and few work has been done
towards developing clique-occurrence-based statistical metrics. Actually, clique occurrence information and the topology of the connections can be incorporated into
1440015-4
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various metrics naturally for measuring complex networks. In the following, we give
some examples.
3.1. Single occurrences of vertices
Single occurrence rate re°ects the possibility of single occurrence for each entity. For
each vertex yj ðj 2 1; 2; . . . ; mÞ, its corresponding single occurrence rate ryj is written
as below.
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rðyj Þ ¼

wC ðyj Þ
;
wB ðyj Þ

ð1Þ

where wC ðyj Þ and wB ðyj Þ are the corresponding weight of yj in C and B, respectively.
Thus, the average rate of single occurrence is de¯ned as below.
P
j rðyj Þ
R¼
;
ð2Þ
m
where m is the total number of vertices.
3.2. Sizes of maximal co-occurrence cliques
Average size of maximal co-occurrence cliques (i.e. S) and weighted average size of
maximal co-occurrence cliques (i.e. Sw ) re°ect the scale of co-occurrence in a complex
network, and can be written as below.
P
8 sizeðÞ
S¼
;
ð3Þ
num C
P
8  wC ðÞ  sizeðÞ
P
;
ð4Þ
Sw ¼
8 wC ðÞ
where function size() returns the size of maximal co-occurrence clique , wC ðÞ is
the weight of  in C and num C is the size of C.
Based on the sizes of maximal co-occurrence cliques, the distribution of these sizes
can be obtained easily.
3.3. Co-occurrence coe±cients
The concept of clustering coe±cient has already been proposed to capture the
probability that two people will be acquainted, if they have another acquaintance in
common.4,12,13 The global clustering coe±cient is de¯ned as the number of closed
triplets (or 3 triangles) over the total number of triplets (both open and closed).c
Similarly, we propose four types of co-occurrence coe±cients to re°ect the probability that three entities will occur together under di®erent conditions as discussed
below.
c Wikipedia,

http://en.wikipedia.org/wiki/Clustering coe±cient (2013).
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3.3.1. Type I and type II co-occurrence coe±cients
In a CNCI, both type I and type II co-occurrence coe±cients re°ect the probability
that \triangles"d of vertices occur together. The di®erence is that the former metric
only considers whether vertices in a \triangle" occur together or not, while the latter
also take the frequency of co-occurrences into consideration. The formal de¯nitions of
these two metrics are discussed as below.
Suppose e1, e2 and e3 are three edges of a \triangle" (i.e. ). Type I co-occurrence
coe±cient (i.e. CC1) and type II co-occurrence coe±cient (i.e. CC2) for  are de¯ned
as below.
(
1 wB ðÞ is nonzero;
CC1 ðÞ ¼
ð5Þ
0 otherwise;
CC2 ðÞ ¼

wB ðÞ
;
minðwB ðe1Þ; wB ðe2Þ; wB ðe3ÞÞ

ð6Þ

where wB ðÞ returns the corresponding weight in B for the parameter and function
minðÞ returns the minimal one of its three parameters. Obviously, both CC1 ðÞ and
CC2 ðÞ satisfy ½0; 1.
And then, the global co-occurrence coe±cients of type I and type II can be
obtained using the following formulas.
P
8 CC1 ðÞ
CC1 ¼
;
ð7Þ
N
P
8 CC2 ðÞ
;
ð8Þ
CC2 ¼
N
where N is the number of \triangles" in the CNCI. It is easy to infer that CC1 2
½0; 1 and CC2 2 ½0; 1.
For instance, there are ¯ve \triangles" in the CNCI as illustrated in Fig. 2. For
\triangle"  ¼ fy1 ; y2 ; y3 g, CC1 ðÞ is 1 and CC2 ðÞ is computed as 1= minf1; 2; 2g ¼ 1.
Similarly, CC1 ðÞ and CC2 ðÞ for the other \triangles" also can be obtained. Thus,
we have the global CC1 and CC2 , both of which are 1.
3.3.2. Type III and type IV co-occurrence coe±cients
In comparison with type I and type II co-occurrence coe±cients, type III and type IV
co-occurrence coe±cients focus on analyzing connected triplets of vertices,e which are
connected by two (open triplet) or three (closed triplet) edges. Both of them re°ect
the probability that connected triplets of vertices occur together. The di®erence
between type III and type IV is the same to that between type I and type II. That is
to say, type III co-occurrence coe±cient is only concerned about whether connected
dA

triplet of vertices is called a triangle, if three vertices are connected with each other by three edges.
coe±cient is also based on analyzing connected triplets of vertices.

e Clustering
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triplets of vertices occur together, while type IV co-occurrence coe±cient also utilizes
the frequency of co-occurrences to estimate that probability.
Suppose a connected triplet (i.e. ) has two edges (i.e. \y1 y2 " and \y2 y3 ") and this
triplet is also marked as \y1 -y2 -y3 ", where y2 is the connecting vertex. First, we de¯ne
type III co-occurrence coe±cient (i.e. CC3) and type IV co-occurrence coe±cient
(CC4) for  as below.
(
1 wB ðÞ is nonzero;
CC3 ðÞ ¼
ð9Þ
0 otherwise;
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CC4 ðÞ ¼

wB ðÞ
;
minðwB ðy1 y2 Þ; wB ðy2 y3 ÞÞ

ð10Þ

where wB ðÞ is the same function as the above, function minðÞ returns the smaller of
the two parameters. Obviously, CC3 ðÞ and CC4 ðÞ is in the range of ½0; 1.
Then, based on CC3 ðÞ and CC4 ðÞ, the global CC3 and CC4 can be written as
follows.
P
8  CC3 ðÞ
CC3 ¼
;
ð11Þ
N
P
8  CC4 ðÞ
;
ð12Þ
CC4 ¼
N
where N is the total number of connected triplets in the CNCI. It is easy to infer that
CC3 2 ½0; 1 and CC4 2 ½0; 1.
It is necessary to mention that one \triangle" has three connected triplets from
the views of di®erent connecting vertices. Still take the CNCI illustrated in Fig. 2 as
an example. There are 19 connected triplets, which include four open triplets and 15
closed ones. For \y1 -y3 -y2 ," because the occurrence number of clique fy1 ; y3 ; y2 g is
nonzero, we have that its CC3 equals 1 and its CC4 is 1=minð2; 2Þ ¼ 0:5. Then, based
on values of CC3 and CC4 of these 19 connected triplets, the global CC3 and CC4 are
0.789 and 0.763, respectively.
4. Applications
Clique occurrence information provides additional useful information for co-occurrence networks, and can be applied in various applications. Some examples are given
below.
4.1. Combination of frequency metric and structure-oriented
centrality measures
Currently, much work has been done towards ¯nding interesting vertices (or groups)
in a complex network, such as leaders,14 in°uential spreaders,15 prominent groups16
and so on. However, most of them has not taken co-occurrence frequency into
consideration. In comparison with other commonly used metrics for measuring the
1440015-7
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importance of a vertex (or a clique) in complex networks, co-occurrence frequency is
a nonstructure-oriented measurement. So, it is very interesting to ¯nd meaningful
vertices (or cliques) satisfying both co-occurrence frequency interest measure and
popular structure-oriented centrality measures (such as degree centrality, betweenness and closeness etc.).
In the following, we give two illustrations for such type of combinations.
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4.1.1. Frequent vertices with high degree centrality
For a vertex, its frequency, degree17 and weighted degree18 are correlated but different. The frequency registers the occurrence times, while the degree re°ects the
number of neighboring vertices, and the weighted degree is the sum of the weights
attached to the edges connected to the vertex. For example, in Fig. 2, the values of
frequency, degree and weighted degree for vertex y1 are 2, 4 and 5, respectively. Since
these three measures are indicators of the importance of a vertex from the correlated
aspects, we attempt to use three tuning parameters (i.e. ;  and ) to combine them
together. Thus, we have the following de¯nition.
For each vertex yj , its combined importance measure is given as below.
Cobðyj Þ ¼   fðyi Þ þ   kðyi Þ þ   wðyi Þ;

ð13Þ

where fðyi Þ; kðyi Þ and wðyi Þ are the frequency, the degree and the weighted degree of
yj respectively, tuning parameters ; ;  2 ½0; 1 and  þ  þ  ¼ 1. If Cobðyj Þ is not
less than the threshold Cob , we call that yj is a frequent vertex with high degree
centrality.
4.1.2. Frequent co-occurrence cliques with high clique betweenness
The combination of occurrence frequency with centrality measures for cliques will
enable researchers to answer such questions as \which cliques not only have a high
group betweenness, but also occur frequently in the complex networks research
community?" Since occurrence frequency and group betweenness19,20 describe the
importance of cliques from di®erent aspects, we do not use a combined measure to
combine them directly but set two minimal thresholds for them.
Given the threshold of occurrence frequency f and the threshold of group betweenness gb , for any clique , if its occurrence frequency fðÞ and group betweenness
gb() are not less than f and gb respectively,  is called a frequent co-occurrence
clique with high clique betweenness.
4.2. Applying association rules to complex networks
The method of association rules21 is one of the well-researched techniques in the
¯eld of data mining. An association rule has the form \X ) Y ," which means that
the occurrence of item set X (the antecedent) implies the presence of item set Y
(the consequent). The strength of rules is commonly characterized by two measures:
the support and the con¯dence. The support of a rule is de¯ned as co-occurrence
1440015-8
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times that both X and Y occur. That is to say supp(\X ) Y ") ¼ supp(X [ Y ). The
con¯dence of a rule is an estimate of the probability P ðY jXÞ, which equals
suppðX [ Y Þ=suppðXÞ.
From the above description, we can ¯nd that association rules actually are a kind
of connections between the antecedent and the consequent. If each item is regarded
as a vertex, these connections are not only established between two vertices, but also
between two groups of vertices. So, associations rule can be a useful tool for analyzing
connections between groups of vertices in complex network studies. Potential
applications may exist in personal recommendation, missing links prediction and
discovering interesting co-occurrence relationships etc.
For X [ Y whose size is no more than 3, since wB ðX [ Y Þ and wB ðXÞ registered in
B of the CNCI are exactly suppðX [ Y Þ and suppðXÞ, association rules can be
produced directly using generated clique co-occurrence information. Still take the
illustration in Fig. 2 as an example. If we want to generate an association rule
between y2 and y3 , because wB ðfy2 ; y3 gÞ ¼ 2 and wB ðfy2 gÞ ¼ 2, we have \y2 ) y3
[2, 100%]," where 2 and 100% are the support and the con¯dence of this rule, respectively. If the size of X [ Y is bigger than 3, mature association rule mining
methods21 can be adopted to generate connections between two groups of vertices.

5. Conclusions and Discussions
Clique occurrence information is quite helpful for gaining insight into the co-occurrence phenomena of systems. However, it is often ignored in analyzing co-occurrence
networks. In this study, we highlight CNCI and focus on how to exploit clique
occurrence information.
A CNCI is composed of three components: a unipartite graph, a table containing
co-occurrence cliques (whose sizes are no more than 3) with weights and a table of
maximal co-occurrence cliques with weights. In order to illustrate the usefulness of
clique occurrence information, we propose several metrics: single occurrence rate,
average rate of single occurrence, weighted and unweighted average size of maximal
co-occurrence cliques and four types of co-occurrence coe±cients. These metrics
combine clique occurrence information and the topology of the connections naturally
to evaluating statistical properties of complex networks. Furthermore, Several new
applications are also developed based on clique occurrence information, e.g. combining frequency and structure-oriented centrality measures together to discover
interesting vertices or cliques.
It is necessary to mention that these proposed metrics and applications are only
several examples for the exploitation of clique occurrence information. Actually,
along this research direction, more excellent work can be carried out. Since frequency
measure has been widely adopted and many frequency-based useful techniques have
been developed in the ¯eld of data mining, this work is also an attempt to build a
bridge between complex networks and data mining methods. More work can be done
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towards the direction of applying data mining methods to solve the emerging and
cutting-edge complex network problems.
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