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Human contact networks exhibit the community structure. Understanding how such community structure a®ects the epidemic spreading could provide insights for preventing the spreading
of epidemics between communities. In this paper, we explore the spreading of multiple spreaders
in community networks. A network based on the clustering preferential mechanism is evolved,
whose communities are detected by the Girvan–Newman (GN) algorithm. We investigate the
spreading e®ectiveness by selecting the nodes as spreaders in the following ways: nodes with the
largest degree in each community (community hubs), the same number of nodes with the largest
degree from the global network (global large-degree) and randomly selected one node within
each community (community random). The experimental results on the SIR model show that
the spreading e®ectiveness based on the global large-degree and community hubs methods is the
same in the early stage of the infection and the method of community random is the worst.
However, when the infection rate exceeds the critical value, the global large-degree method
embodies the worst spreading e®ectiveness. Furthermore, the discrepancy of e®ectiveness for the
three methods will decrease as the infection rate increases. Therefore, we should immunize the
hubs in each community rather than those hubs in the global network to prevent the outbreak of
epidemics.
Keywords: Epidemics spreading; multiple spreaders; community networks; hubs.
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1. Introduction
The spreading of epidemics has brought great loss to the human society. Understanding the spreading of epidemics and designing optimal control methods are the
major goals of the public health. Many systems could be described as networks, sets
of nodes joined together in pairs by links.1–4 Examples include social networks5,6
(acquaintance networks7 and collaboration networks,8) technological networks (the
Internet9) and so on.
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Networks with the community structures, or modular networks, are relevant to
many social and biological phenomenons.10–13 Many natural or social networks can
be divided into community structure such that the connections within each community are dense, while connections between communities are sparse. Therefore,
investigating the spreading process of epidemics in community networks has great
importance. Shu et al.14 investigated the e®ects of weak ties on the epidemic
predictability in community networks and found that once weak ties were settled,
compared with the variability of arrival time, the variability of prevalence displayed
a diametrically opposed changing trend with both the distance of the initial seed to
the bridgeness and the degree of the initial seed. However, there always exist several
infectious individuals in complex systems. As to the multiple spreaders spreading,
previous works mainly randomly set a predetermined ratio (for example, 1% of the
network size) or set n nodes with the highest degree k or the highest ks (Refs. 15 and
16) index as spreaders to simulate the spreading process.17 It is believed that hubs are
the key players, being responsible for the largest scale of the spreading process.18–20
Nevertheless, Kitsak et al.17 found that the most e®ective spreaders were those
located within the core of the network for the single spreader, when multiple
spreaders were considered simultaneously, the distances between them became
the crucial parameter that determined the extent of the spreading. We argue that the
community structures should be taken into account to investigate the e®ect of the
multiple spreaders.
In this paper, we explore the e®ects of the community structure on the multiple
spreaders spreading. First, we evolve a network based on the clustering preferential
mechanism21 and divide the network into subgroups by the Girvan–Newman (GN)
algorithm.22 Then, we choose nodes with the largest degree in each community and
the same number of hub nodes from the global network after the descending order of
degree as spreaders. Meanwhile, we also randomly choose a node in each community
to compare with the above two cases. Finally, we investigate the spreading process of
epidemics within community networks based on the SIR model23–26 with the three
methods.
2. Materials and Methods
2.1. Community modularity
The community modularity Q is a measurement of the network modularity developed by Newman and Girvan22 by comparing the frequency of interactions within
modules to the frequency of interactions among modules. Considering a network
partitioned into n subgroups, we de¯ne matrix E ¼ eij nn as a n  n symmetric
matrix, where the element eij is the fraction of links in the network with a node in
P
both subgroups i and j. The column sums ai ¼ j eij represents the fraction of links
in the network with at least one node in the subgroup i.27 If the links in the network
are randomly distributed with regard to which subgroups they are assigned, then
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eij ¼ ai aj . The community modularity Q is de¯ned as:
Q¼

n
X
ðeii  a 2i Þ:

ð1Þ
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i¼1

The community modularity Q represents the fraction of links in a network that
occurs within modules minus the expected value of the same quantity in a network
with the same modules. If the distribution of links is random with regard to modules,
the modularity approaches Q ¼ 0. As modularity increases, Q approaches its limit of
Q ¼ 1. Most networks could not reach such extreme values since the maximum
possible Q for a network of a given size is constrained by the number of possible
modules. In practice, the value Q of the networks with strong modularity is generally
on the scale of 0.3 to 0.7.22
2.2. The SIR Model
In order to investigate the spreading of infectious epidemics on a contact network, we
use the SIR model. In the SIR model, individuals in a population are represented as
nodes in a network, and the links between the nodes represent the contacts along
which an infection can spread. Each node can be in one of three possible states:
susceptible (S), infected (I) or recovered or removed (R). Each susceptible node (S)
will be infected with probability  at each time-step if it is connected to an infected
node (I). Meanwhile, the infected node recovers or removes with probability  and
will not be infected again. We de¯ne sðtÞ, iðtÞ and rðtÞ as the density of nodes S, I and
R at time t, which satisfy sðtÞ þ iðtÞ þ rðtÞ ¼ 1. Here, we consider that the contact
networks are abstracted by undirected and unweighted graphs.
If one susceptible node has m infectious neighbors, then the total probability 
that the node becomes infected in time interval dt is
 ¼ 1  ð1  dtÞm :

ð2Þ

When the three states mix well, we can approximately describe the transmission
dynamics by the following di®erential equations28–30
8
dik ðtÞ
>
>
¼ ik ðtÞ þ ksk ðtÞk ðtÞ;
>
>
>
dt
>
>
<
dsk ðtÞ
ð3Þ
¼ ksk ðtÞk ðtÞ;
>
dt
>
>
>
>
>
dr ðtÞ
>
: k
¼ ik ðtÞ;
dt
where k is the degree of the node and k ðtÞ is the average density of infected neighbors
of nodes with degree k. In an uncorrelated network, k ðtÞ can be expressed as
P
0
0
0 ðk  1Þpðk Þik0 ðtÞ
;
ð4Þ
k ðtÞ ¼ ðtÞ ¼ k
hki
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P
where hki ¼ k0 k 0 pðk 0 Þ is the proper normalization factor dictated by the total
number of links. pðk0 Þ is the probability that a node with degree k 0 . Since pðk 0 jkÞ ¼
k 0 pðk 0 Þ=hki for uncorrelated networks, where pðk 0 jkÞ is the conditional probability
that a node with degree k connects to a node with degree k 0 . The epidemic threshold
condition is
¼


hki
¼ 2
;
 hk i  hki

ð5Þ
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when  below the value , the density of infectious nodes rðt ! 1Þ ¼ 0, on the
contrary, it will reach a ¯nite value rðt ! 1Þ > 0.

3. Experimental Results
In this paper, we evolve a network that one node attaches proportional to its clustering coe±cient (CA model),21 which exhibits emergent aging and temporally
correlated dynamics, and it naturally possesses negative feedback in the attachment
propensity of existing nodes. The CA model can be expressed as:
P ðiÞ / c i þ ;

ð6Þ

i
where ci ¼ ki ðk2i 1Þ
is the clustering coe±cient of node i, i is the number of links
between neighbors of i or equivalently the number of triangles involving node i,  is a
constant probability for attachment which may be zero, and the exponent  is a
parameter in this model. Other aspects of network growth remain the same to the
Preferential Attachment (PA) model,31 which is constructed in the following way:
Starting from a small seed network that grows by adding one node at a time-step,
and each newly added node connects to m0 existing nodes. Each existing node i is
chosen randomly from the current network with a probability proportional to its
P
degree PPA ðiÞ ¼ ki = j kj , where ki is the degree of node i. In the paper, we attach
every new node to two existing nodes throughout, and we set the exponent  ¼ 6 and
the networks size N ¼ 2000. Then we can get that hki ¼ 4 and hk2 i ¼ 36:1, therefore
the epidemic threshold condition is about 0.125 by using Eq. (5).
We divide the network into subgroups by the GN algorithm, and when Qmax ¼
0:705 the corresponding number of communities is 7, which means strong modularity. We choose one node with the largest degree in each community as spreaders
named as the community hubs method. If there are more than one node that satisfy
this condition, we choose one from this set randomly. Second, the community random method, is to randomly choose one node in each community as the spreader.
Third, the global large-degree method is designed by choosing the same number of
nodes with the largest degree from the global network as spreaders. The degree of the
seven hubs in the global network and in each community are shown in Table 1, which
suggests that the seven largest degree nodes in the network are not assigned in each
community.
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Table 1. Degree of the seven hubs in the global network and in each community,
respectively.

β

t

t
(a)

(b)

Fig. 1. (Color online) (a) When the infection rate  ¼ 0:05 the infectious node density iðtÞ þ rðtÞ versus
time t for the three methods. (b) When the infection rate  ¼ 0:15 the infectious node density iðtÞ þ rðtÞ
versus time t for the three methods. Figures of both (a) and (b) show that as for the spreading e®ectiveness
of the three methods, the community hubs method is the most e®ective method, the community random
method will get better than the global large-degree method after some time-steps.

In the paper, the recovery or remove probability  ¼ 0:1 and the time-steps t is set
as 100. All the results obtained here are the average values over 1000 independent
realizations. First, we investigate the epidemics spreading when the infection rates 
are 0.05 and 0.15, respectively.
Figure 1 shows that the infectious node density iðtÞ þ rðtÞ is the largest one for
the community hubs method, which means that if the nodes with the largest degree
in each community are set as the spreaders, the most individuals would be infected.
The larger the infectious node density iðtÞ þ rðtÞ is, we suppose that the more
e®ective the method is. From Fig. 1(a), we can ¯nd that in about the initial 20 timesteps, the spreading e®ectiveness is nearly the same for both the community hubs
and the global large-degree methods, while after this, the community hubs method
will be better. There is an interesting phenomenon, when the time-step t exceeds 65,
the spreading e®ectiveness for the community random method will be better than
the global large-degree method. Figure 1(b) shows the infectious node density iðtÞ þ
rðtÞ versus time t for the three methods when the infection rate  ¼ 0:15. The results
are almost the same to Fig. 1(a), except the time-steps shifting earlier.
Then, we investigate the epidemics spreading process for di®erent infection rate
. Figure 2 is the infectious node density versus the infection rate  when t ¼ 50. In
Fig. 2, we can ¯nd that when  is smaller than 0.03, the spreading e®ectiveness of
1440013-5
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β
Fig. 2. (Color online) When the time-step t ¼ 50, the infectious node density iðtÞ þ rðtÞ versus the
infection rate  for the three methods. The ¯gure shows that the spreading e®ectiveness of the three
methods, the community hubs method is the most e®ective one, the community random method will get
better than the global large-degree method for a larger infection rate . The spreading e®ectiveness of the
three methods will be the same when  > 0:17.

both the community hubs and the global large-degree methods will closely be the
same, while the community random method is the worst case. When  > 0:05, the
community hubs method performs the best. When 0:07 <  < 0:13, the community
hubs method is the most e®ective method, while the global large-degree method is
the worst one. When 0:13 <  < 0:17, the community hubs and the community
random methods is the same, and the global large-degree method is the worst one.
When  > 0:17 the three methods' e®ectiveness will be the same. When  ¼ 0:01,
the number of the infectious nodes for the three methods are almost equal to 0,
because the epidemic threshold is  ¼   0:125 referring to Eq. (5), where  ¼ 0:1.
When t ¼ 50 for larger  > 0:17, the process of epidemics spreading is in the steady
state and the infection nodes density in the network exceeds 90%. For smaller
infection rate , it is corresponding to the early stage of infection when t ¼ 50, while
it will be the late stage of infection for larger . Therefore, for smaller , the
spreading e®ectiveness of the community hubs and the global large-degree method is
closely the same, and the community random method is the worst one for the least
neighbors.
From the above experimental results, we ¯nd that the spreading e®ectiveness of
the community hubs method and the global large-degree method is the same in the
early stage of infection. For the larger the infection rate  (such as 0.17 in the
paper), the spreading e®ectiveness of the three methods will be same. The reason
why the spreading e®ectiveness for the global large-degree method is the worst one
for 0:07 <  < 0:17 may be that the spreaders distance which makes great in°uence
to the results. The speci¯c value for  in the results is related to other parameters
such as the recovery rate  and other parameters of the network which should be
noticed.
1440013-6
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4. Summary and Discussion
In this paper, we take the community networks into account to investigate the e®ects
of the spreading of multiple spreaders. First, we structure a network based on the
clustering preferential mechanism, and detect the community by the GN algorithm.
Then, a hub in each community (the community hubs method) and the same number
of nodes with the largest degree from the global network (the global large-degree
method) are chosen as spreaders. Besides, we also randomly choose one node in each
community (the community random method) as spreaders in order to compare with
the above two methods. Finally, we implement simulations on the network based on
the three methods on the SIR model. From the experimental results, we ¯nd that the
spreading e®ectiveness based on the global large-degree nodes and community hubs
methods is the same in the early stage of infection. When the infection rate exceeds
the critical value, the global large-degree nodes method has the worst spreading
e®ectiveness, even the method that randomly chosen one node in each community as
spreaders will be better than the method based on global large-degree nodes. Furthermore, the discrepancy of e®ectiveness among the three methods above will decrease as the infection rate increases. The reasons why the global large-degree
method has the worst spreading e®ectiveness could be the distances between
spreaders which result in many overlap parts in the community networks. If the
infectious individuals number is equal to the number of communities, the community
hubs method will result in the most individuals to be infected. In other words, we
should immunize the hubs in each community instead of those hubs in the global
network to prevent the outbreak of epidemics.
In the paper, we only explore the epidemic spreading process under the condition
that the number of spreaders and communities is equal. The spreading process for
di®erent Q for spreading is also very important. Besides, the network what we
investigate is a static network, however, the social networks are evolving dynamically. Therefore, it is necessary to investigate multiple spreaders in the temporal
networks.32 Our work is a preliminary explosion about the multiple spreaders in
community networks, which may shed new insights for understanding the e®ects of
multiple spreaders.
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